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Abstract

A cyclic flat universe with Quintom behavior and a future Big Rip as presented in the framework of Rastall gravity, which is an extension of
the standard ACDM model. The Hubble parameter oscillates periodically between positive and negative values in each cycle. Cosmic
transit has been simulated through an oscillating time-dependent deceleration parameter and is expected to occur at approximately 8.7 Gyr.
Causality is satisfied at all times, except near the initial singularity and the future Big Rip singularity. The apparent horizon, entropy, and
other thermodynamic quantities associated with the current model were analyzed. The energy conditions were investigated.

Resumen

Se presenta un modelo de universo plano y ciclico con comportamiento Quintom y Big Rip o gran desgarramiento futuro, en el contexto de
gravedad tipo Rastall. EI modelo es una extension del modelo estandar ACDM. El parametro de Hubble oscila periédicamente de un ciclo
a otro entre valores positivos y negativos. El transito césmico se ha simulado con un parametro de desaceleracién oscilante en el tiempo y
se espera que ocurra en aproximadamente 8.7 Gyr. Se satisface la causalidad todo el tiempo, excepto en las singularidades inicial y la
futura del Big Rip. Se analizan cantidades termodinamicas asociadas al modelo como horizonte aparente y entropia, entre otros. Se han

investigado las condiciones energéticas.
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1. Introduction and Motivation

One of the most significant and fascinating phenomena
in contemporary cosmology is the accelerating expansion
of the universe. Our understanding of the composition
and development of the cosmos underwent a paradigm
shift when it was discovered in the late 1990s through the
observation of Type Ia Supernovae (Perlmutter et al., 1999;
Riess et al., 1998). Numerous independent observations,
including large-scale structural surveys and measurements
of cosmic microwave background radiation, support this
groundbreaking discovery (Spergel et al., 2003a; Komatsu
et al., 2009; Astier et al., 2006). At both large scales
and strong curvature, the Einstein theory of General
Relativity (GR) is inconsistent with observations. Cosmic
acceleration has been a basic motivation behind modified
gravity theories since it cannot be explained by GR without
assuming dark energy (Riess et al., 1998; Copeland et al.,
2006). Examples of such modified gravity theories are
f(R) gravity (Nojiri & Odintsov, 2006), Gauss-Bonnet
gravity (Nojiri et al., 2008; Ahmed et al., 2023) where the

Gauss-Bonnet term G = R? — 4R*R,, + R‘“’p‘Spré has
been used in the action instead of the Ricci scalar R, and
f(T) gravity (Ferraro & Fiorini, 2007) where the torsion
scalar (T) has been used; the generalized f(R, T) gravity,
where T is the trace of the energy-momentum tensor.
Additional examples include x(R, T) gravity (Ahmed &
Pradhan, 2022) and extra-dimensional gravity theories
(Overduin & Wesson, 1997; Sotiriou, 2011; Ahmed et al.,
2020; Ahmed & Rafat, 2018).

Bouncing scenarios (also known as cyclic cosmology)
were initially proposed as an alternative method to solve
some of the problems of the standard model of cosmology,
such as flatness and initial singularity. The universe in
the singularity-free Big Bounce emerges from a previous
contracting stage (Novello & Bergliaffa, 2008; Ljas &
Steinhardt, 2018; Sahoo et al., 2020; Nojiri et al., 2019),
where the contraction-expansion cycle is assumed to
continue forever. Cyclic cosmological models have been
extensively studied through numerous modified gravity
theories (Sahoo et al., 2020; Nojiri et al., 2019; Bamba et al.,
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2014a,b, 2015; Tripathy et al., 2019; de la Cruz-Dombriz
et al., 2018; Ahmed et al., 2022; Singh & Shukla, 2020). A
general cyclic model in f(R) gravity was constructed by
Pavlovic & Sossich (2017). A unitary version of Conformal
Cyclic Cosmology (CCC) was suggested by Frampton
(2018). An M-theory-inspired cyclic model with two branes
was presented by Steinhardt & Turok (2002), where the
EoS parameter satisfies w > 1 during the contraction
phase. A new cyclic theory of the universe was presented in
[jjas & Steinhardt (2019), where the scale factor increased
exponentially from one cycle to the next. This recent cyclic
model resolves many problems and generates a nearly
scale-invariant spectrum of density perturbations. An
interesting singularity-free oscillatory model was discussed
by Sharma et al. (2023), where the late-time evolution
was probed in the context of quasi-steady-state cosmology
(QSSC) (Hoyle et al., 1993, 1994) to alleviate the Hubble
tension. The cosmic scale factor parametrization has been
chosen according to the description in (Hoyle et al., 1993,
1994, 1995; Sachs et al., 1996) as

a(t) = e/ [1 + ncos(27t/Q)]. €))

Here, n is a dimensionless constant, and P and Q have
dimensions of time. In the limit when the dimensionless
constant 7 approaches zero, a de Sitter-like evolution occurs.
As time goes to zero, the scale factor tends to the value 1+,
where no singularity exists.

Rastall gravity is one such modification, proposed by
Peter Rastall in 1972 (Rastall, 1972). Rastall gravity (RG) is
a modified theory of gravity that features a non-conserved
stress-energy tensor and a peculiar non-minimal coupling
between geometry and matter. This has become an
interesting and important theory of gravity in modern times.
The conservation law that demonstrates a divergence-free
energy momentum tensor in general relativity (GR) has
been accepted; that is, V,T*’ = 0, where V, is the
covariant derivative. Rastall adopted a new and distinct
conservation law that conjectured GR concepts. In this
theory, the energy momentum tensor does not a conserved
quantity. Rastall formulation is defined as V #Tff =

(%) V,R, where x is the coupling constant and R is
7T

the Ricci scalar. The second Bianchi identity in this
theory remains the same i.e., V¥G,, = 0, where G, =
Ry
RG is that, whereas the mathematical component of this
theory remains invariant, modifications have been applied
exclusively to the matter component (De Moraes & Santos,
2019; Majernik & Richterek, 2006; Rastall, 1976). For the
Rastall gravity framework, Visser (Visser, 2018) claimed
that Rastall gravity may be completely equivalent to general
relativity. In contrast, Darabi et al. (2018) have argued that
Rastall gravity can be interpreted as a modified theory of
gravity distinct from GR. Das et al. (2018) demonstrated
that RG is equal to Einstein gravity and offered some
cosmological implications in the structure of modified RG.

— iRgW be the Einstein tensor. A notable feature of
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Recently, Golovnev (2024) claimed that Rastall gravity may
be equivalent to General Relativity by analyzing the claims
of Visser (2018) and Darabi et al. (2018). The derivation of
the action for Rastall gravity is subjected to the condition
\/—8 = 1(Golovnev, 2024). Holographic dark energy in
RG was introduced by Ghaffari et al. (2020), considering
vacuum energy, which serves as DE. They accepted the
idea that the current accelerating cosmos is caused by
the sum of this energy and the Rastall term. Assuming
that the universe comprises interacting/non-interacting
dark energy (DE) and dark matter (DM), Saleem &
Shahnila (2021) investigated the phenomenon of cosmic
evolution using curved FLRW spacetime bounded by an
apparent horizon with a particular holographic cut-off
in the framework of Rastall gravity. Saleem et al. (2024)
recently introduced constant-roll warm inflation, a novel
method for determining the precise inflationary solutions
to the Friedman equations within the framework of Rastall
theory of gravity (RTG). Using a linear parameterization
of the Equation of State (EoS) in the FLRW background,
Singh et al. (2024) examined the evolution of the universe
within the framework of RTG. In the framework of
RTG, Saleem & Hassan (2020) studied the dynamics of
warm inflation induced by vector fields and concluded
that the modified theory was compatible with the 2018
Planck observational data. In various contexts, several
researchers have examined cosmological scenarios within
the framework of Rastall gravity (Banerjee et al., 2023;
Tangphati et al., 2023, 2024; Banerjee et al., 2024; Shaily
et al., 2024; Singh et al., 2021, 2022; Singh & Pradhan,
2023; Singh & Mishra, 2020; Akarsu et al., 2020). This
theory has received widespread attention in discussions
and explanations of different phenomena related to the
evolution of the universe. We aim to study the evolution of
the universe exhibiting oscillatory expansion by analyzing
its thermodynamic behavior. It is worth mentioning that
Rastall gravity possesses oscillatory solutions subjected to a
fixed point, which are marginally stable (Singh et al., 2021,
2022).

Models of dark energy that permit the equation
of state parameter, w, to cross the “phantom divide
line" (w=-1) investigate possibilities in which the
expansion of the universe can go from accelerating to
accelerating at an ever-increasing rate, which could
result in a “Big Rip" (Astashenok & Tepliakov, 2022).
The long-term destiny of the universe depends on our
ability to comprehend dark energy and its behavior,
particularly the potential for crossing the phantom
divided line (PDL). Mohseni Sadjadi (2009) discusses the
conditions required to cross the phantom divide line in
a closed Friedmann-Robertson-Walker universe using
an interacting holographic dark energy model. Huang
et al. (2010) reconstitute the dark energy parameters
from the most recent 397 Sne Ia, CMB, and BAO using
three distinct parameterized dark energy models with the
specified current matter density, Q,,,. They discovered
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that an evolving dark energy with a crossing of the
phantom dividing line is preferred when Q,, is not
modest, such as when Q,,; = 0.28 or 0.32. For a more
in-depth understanding of this discovery, we recommend
the following papers Fang et al. (2008); Wei & Cai (2006);
Ahmed & Pradhan (2020); Varshney et al. (2021); Dixit
et al. (2022); Debnath et al. (2022).

The acceleration of the expansion of the universe, which
defies the predictions of General Relativity (GR) without
including dark energy, is the driving force behind this
investigation. Consequently, modified gravity theories
have been examined, such as Rastall gravity, which adds
a non-minimal link between geometry and matter and
a non-conserved stress-energy tensor. The goal of the
authors’ cyclic universe model is to address problems such
as the initial singularity and future Big Rip scenarios, in
addition to Quintom behavior, which is the transition
between quintessence and phantom phases with a crossing
of the phantom dividing line.

The oscillating Hubble parameter that alternates
between positive and negative values across cycles is the
result of the authors’ proposed periodic parametrization
of the deceleration parameter in the current model. With
an anticipated occurrence at approximately 8.7 Gyr, this
periodic behavior effectively simulates cosmic transit
by suggesting that the cosmos experiences periods of
acceleration and deceleration. In addition to the area
around the initial singularity and future Big Rip, the model
satisfies causality. To ensure that the model is physically
feasible, thermodynamic characteristics such as entropy
and energy conditions were examined.

Owing to the ad hoc periodic parameterization of the
deceleration parameter q with the correct sign flipping
as g = mcoskt — 1 (Shen & Zhao, 2014), the universe
accelerates after an epoch of deceleration (for every single
cycle), which agrees with recent observations. Such
periodic form of g leads to the following forms for the
Hubble parameter and scale factor

k

1
1 m
—mm—m’“—%[taﬂ(zk”] > (@

where m > 0, k > 0 and k acts as a cosmic
frequency parameter. This specific form of the deceleration
parameter was first introduced by Shen & Zhao (2014), who
constructed a new oscillating Quintom Model. Using the

well known redshift relation z = = — 1 we get
a

2. 1

t = E tan m (3)
Observations suggest that the signature change of g occurs
at z = 0.64 for m = 1.55 (Capozziello et al., 2014;
Capozziello et al., 2015; Farooq et al., 2017; Moraes et al.,
2016). Since cosmic transit happenswhen g = 0 (i.e. d = 0),

An Oscillating Rastall Universe Crossing the Phantom Divide Line

we have

1 1
fg=0 = cos! — ~ 8.7 Gyr for m=1.55, k =0.1. (4)
The scale factor (2) suffers from a future Big Rip singularity,
where the slope of a(t) increases significantly and goes
to infinity ‘Z—‘: — oo = which eventually tears apart the

spacetime fabric.

2. Framework of the Model

Our goal is to obtain solutions by carefully considering
the matter source and gravitational background. The
basic idea behind Rastall gravity (Rastall, 1972) is that the
energy-momentum conservation in GR can’t be always
valid in curved space-time and, instead of Tf;f = 0, we
should have v
T!, =AR”, ©)
which leads to the generalized field equations
Gy + KAguR = KTy, (6)

The GR is recovered for 1 = 0. G, is the Einstein tensor
and K is the coupling constant. The FRW metric given by

2
ds? = —dt?*+a?(t) T—3 drxrz +r2d6? + r2sin®6d¢? |, (7)

where a(t) is the scale factor and « is equal to 0 for a flat
universe. Applying equation (6) to the metric (7) we obtain
the cosmological equations as

3(1 — 4KA)H? — 6KAH + 3(1 — 21(/1)£2 =Kp, (8)
a

3(1 - 4KA)H? +2(1 — 3K)H + (1~ 6KA)—5 = —Kp. (9)
a

In the current work, we are interested only in the
observationally supported flat case where x = 0 (Tegmark
etal.,2004; Bennett et al., 2003; Spergel et al., 2003b; Ahmed
& Alamri, 2019a). The energy density p, cosmic pressure p
and EoS parameter w are written as

Je) —% (12AKH? + 6AKH — 3H?), (10)

p % (12AKH? + 6AKH — 3H* —=2H), (11)

where the dot denotes differentiation w.r.t time and the EoS
parameter w = p/p. Equations (10) and (11) show that

2 .

where H expresses the rate of change of the Hubble
parameter as
. K K
H=->(+p)=-50p) (13)

We have considered the EoS p = (y — 1)p with % <y <
2. As pointed out by Bamba et al. (2018), inserting this
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equation for H in Eq. (8) for the flat case results in.

2_ Kp(3KAy —1)

3(4kA —-1) (14)

The physical behavior of the energy density is shown
in Figure 1. The pressure changes from positive in
a decelerating era to negative in an accelerating era
dominated by dark energy with negative pressure. As a
function of redshift, The EoS parameter w(z) meets —1 at
z = 0. The time evolution of the EoS parameter reveals
quintum behavior as it passes the phantom divide line
in the far future. The Hubble parameter H decreases
during expansion as H < 0, whereas it increases during
contraction as H > 0. The general dynamical behavior
can be deduced from the negative values of q. In each

cycle, the EoS parameter w(t) lies between —2.25 and %

which agrees with the observations (Komatsu et al., 2011;
Eisenstein et al., 2005). It starts from a positive value
(radiation-like era), continues to decrease to zero (dust
era w = 0), and finally passes to negative values. After
reaching the DE-dominated era, it crosses the cosmological
constant boundary to the phantom era, where v < —1
possesses a Quintom feature. The Quintom dynamics
associated with the crossing of the phantom divide line
leads to w < -1 today, which is also observationally
supported (Zhao et al., 2007). A cosmological bouncing
Quintom model was studied by Cai et al. (2007). w is an
increasing function in the second half of the cosmic cycle,
starting from —2.25. Some observations favor DE with w
less than —1 (Vikman, 2005; Allen et al., 2004; Riess et al.,
2004). Whether DE can evolve into the phantom era has
been extensively investigated. In Vikman (2005), it was
shown that in a DE dominated universe, the transition of
DE from w > —1 to w < —1 cannot be explained by models
of classical scalar field dynamics unless more complicated
physics is included (Armenddriz-Picon, 2004; Feng et al.,
2005; Sahni & Shtanov, 2003).

3. Work Density and Entropy

In this section, we calculate and analyze some
thermodynamic quantities. The (n + 1)-dimensional FRW
metric is written as

2
ds? = —dt? + a(t) <1i—rxrz + rdefl_l>, (15)

where the line element of an (n — 1)-dimensional unit
sphere is denoted by Qi—r This metric can also be written
as (Bak & Rey, 2000)

ds® = hgpdxdx? + PQ2_, (16)

where 7 = a(t)r, x° = ¢, x! = r and the 2-dimensional
2

metric hy, = diag(—l,la—z). The apparent horizon
—Kr

is defined geometrically as an imaginary surface beyond

which the null geodesic congruences recede from the
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observer (Saha, 2018). It is a dynamical structure that
evolves with time and is determined by the relation
hqp0,70,7 = 0. This leads to the expression of the apparent
horizon’s radius in terms of the Hubble parameter as

Fp=—t a7)

a2
For a flat universe (the case considered here), the apparent
horizon radius is the inverse of the Hubble parameter 1/H,
which is the same definition as the Hubble horizon 7. That
means
(18)

A=7H=E, for x =0.

Consequently, the rate of change of the horizon radius 74 =

H 2 7 . .
—— = —72 H or can be written in general as
H2 A

~ _ _~3 . _ £
T4= rAH<H a2)' (19)

The work density W is defined as the work performed
by the cosmic volume change owing to the change in the
radius of the apparent horizon. For the current model we
get

1 1
=5T%hap = 5(p = p) (20)

—% (12AKH? + 6AKH — 3H?> — H). (21)

In the case of FRW spacetime with a perfect fluid, the
surface gravity g is also defined as

1 _ 1 17
Ksg = ——=04(V —hh8,F,) = —7—A (1 -2 >,

n—n 2 Hry

(22)

where h is the determinant of hgy,. In terms of x4, the
temperature on the horizon is given as lzil
T

1 17
TA = - ——f . (23)
27TVA 2 HVA

Therefore, the temperature depends on the Hubble
parameter H, the radius of the apparent horizon 74 and its
rate of change during evolution 7, which is a result of the
dynamical nature of the apparent horizon. If the change

in the apparent horizon is very slow, then }:—f < 1and
r

A
we obtain the expression for Hawking temperature Ty =
which resembles the temperature of a spherically

T4
symmetric black hole with horizon radius 74 (Sinchez &

Quevedo, 2023).

The modified Bekenstein-Hawking entropy in Rastall
gravity on the apparent horizon is given as (Bamba et al.,
2018; Moradpour & Salako, 2016)

(24)
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Figure 1. Evolution of the model parameters against the redshift z (a) The DP g(z) changes sign for m > 1 and equals —1 at z = 0. (b)
The Hubble parameter H(z). (c) Physical behavior of energy density p(z). (d) A sign flipping in the evolution of cosmic pressure p(z)
(e) The EoS parameter w(z) equals to —1 at z = 0. (f) w(t) evolution shows a Quintum behavior, where it crosses the phantom divide
line at very late times. GR stands for General Relativity and RG for Rastall Gravity. (g) The rate of change of the Hubble parameter
H < 0 during the expansion, which means a decreasing H, whereas this rate is > 0 during the contraction. (h) The Hubble parameter
H > 0 during expansion and H < 0 during contraction. (i) The evolution of the scale factor shows an enormous increase over a short
period of time (a future big rip ). The unit of time ¢ is taken as Gyr. Here m = 1.55,1 = 1.4,K = 0.01, k = 0.1 and g, = 1.

with Sy = % is the Bekenstein-Hawking entropy on the

apparent horizon and A = 47r7’:24 is the area. The normal

Bekenstein-Hawking entropy in GR is recovered for y — 0.

So, the area A = 4717124 is related to the modified area A
by A = (1+ %)Awhere theunitsc = G = h =1
y—

has been considered. As a function of cosmic time ¢, the
entropy should always be an increasing function, where
the Universe evolves to the equilibrium state of maximum
entropy. That means the two conditions

S>>0 and $<o0, (25)
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should be satisfied. We recall that for a system at
equilibrium, entropy has the maximum value, which
means that it cannot increase anymore. On the other hand,
any decrease is not possible as it violates the second law of
thermodynamics which states that

d(S,, + Sp) > 0, (26)

where Sy, is the horizon entropy and S,, is the entropy of
the entire matter field. At the apparent horizon, the FRW
equations can be written as dE = TdS + WdV where E is

the total energy and W = %(p — p) is the work density (Cai

& Kim, 2005; Akbar & Cai, 2007). The cosmological work
density is related to the cosmological constant in Ahmed
& Alamri (2019b). The thermodynamic quantities w, 74,
T4 = and S can be expressed as a function of the redshift
z to probe their behavior. Figure 2 shows that the work
density W has the same physical behavior as the energy
density p versus z. In terms of cosmic time, it is a decreasing
function during expansion, which means that the work
done by the cosmic volume change decreases, resulting
from variations in the apparent horizon radius. The first
derivative of the event horizon radius is positive during
expansion 7, > 0 and negative during contraction 7, <
0. A comparison between the evolution of the Hawking
temperature Ty and the temperature on the horizon T4
as a function of z is shown in Figure 2c. Entropy S is
always positive. While the condition S > 0is satisfied, the
non-positivity of the equilibrium condition S exists only for
the second half of the cosmic cycle.

4. Causality and Energy Conditions

One way to investigate physical acceptability is to test the
classical linear energy conditions (ECs) (Hawking & Ellis,
1973; Wald, 1984), as the quantum corrections are ignored
in the present model. The null, weak, strong, and dominant
ECsarep+p>0,0>0,p+p 20,0+3p >0andp > |p|
These linear conditions cannot be satisfied in the presence
of quantum effects (Martin-Moruno & Visser, 2013). The
strong energy condition (SEC), for example, implies that
gravity should always be attractive, which is not realistic
when describing cosmic acceleration or inflation (Visser,
1997), (Visser, 1997). For the present model,

2 .
ptp = —gH
o—p = _13<(12/11<H2 +6AKH — 3H? — H),
p+3p = %(4&1{1{2 +2AKH — H*> — H).

The SEC is not expected to be valid during the negative
pressure-dominated accelerating era, as negative pressure
represents a repulsive gravity effect. The DEC is valid at all
times for this model, which is expected, as it implies the
non-negativity of the energy density. The SEC is valid only
with the domination of attractive gravity in the decelerating
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era (at the first half of each cycle ), and then becomes
invalid with the domination of repulsive gravity during
the accelerating era.

The causality condition for the adiabatic square sound

speed 0 < p
dp

< 1 should be satisfied through cosmic
evolution. For the current model, using (10) and (11), we

et . .. . ..
& 2= 1 12AKHH + 3AKH —3HH — H

"3 4AKHH + AKH — HH

(27)

Figure 2h shows that the causality is satisfied except near
the initial and the future Big Rip singularities

5. Conclusions

We presented a cyclic cosmological model of a flat
universe with a future Big Rip singularity in the
framework of Rastall gravity. The model possesses a
Quintom behavior where the EoS parameter crosses the
phantom divide line (cosmological constant boundary)
at @ = -—1. In such oscillatory cosmic evolution,
the deceleration-to-acceleration cosmic transit occurs at
approximately 8.7Gyr. A recent analysis that included data
from cosmic chronometers and the Pantheon compilation
of supernovae calculated the transition redshift to be
z; = 0.61*02! (Yang & Gong, 2020). Given that the
universe is currently 13.8 Gyr old, this correlates to
a transition period of roughly 7.5 to 9.8 Gyr ago. A
transition redshift of z, = 0.60f8:ﬁ was discovered by
another study that looked at a parametrization of the
deceleration parameter (Arora & Sahoo, 2024). This
estimate, which places the transition era between 7.7
and 9.6 Gyr ago, is in good agreement with the previous
one. A cosmic deceleration-to-acceleration transition that
occurred approximately 8.7 Gyr ago is within the observed
range based on these observational estimations. Thus, our
conclusion seems to be in accordance with recent evidence
from observations.

The EoS parameter w meets —1 at redshift z = 0. The
model exhibits the correct physical evolution of energy
density and a sign flipping of cosmic pressure compatible
with cosmic transit. Observational evidence supports that
the EoS parameter w is close to —1 at the present epoch
(redshift z = 0) (Tripathi et al., 2017; Dinda & Banerjee,
2024).

The first derivative of the Hubble parameter H is negative
during expansion, which means a decreasing H, and
positive during contraction, which means an increasing
H. The EoS parameter o lies in the range —2.25 <
w(t) < % It begins in the radiation-like era, then passes
through the dust era, the current dark energy-dominated
era, before crossing the cosmological constant boundary to
the phantom era. Simultaneously, plotting the w evolution
in Rastall Gravity (RG) and General relativity (GR) together
shows a tiny difference between the two curves.

The evolution of the temperature on the dynamical
horizon and Hawking temperature has been plotted against



Ahmed, Pradhan, & Dixit

An Oscillating Rastall Universe Crossing the Phantom Divide Line

0l025
15 020
[}
I
04020 10
5 ]
015
w \ — B ~
— =70 -10 10 - — -
t
0p104
[s ]
0.005 4 10
15
0 2 4 6 8 10 —_— —
a ’
z a
(ayw (b) 7y

7001

600

500

4 — \
400
s \ - >~ ‘
5 )ﬂ -5 5 1 15
300 — t ~ — A
o
2001
40
00 1 60|
S0 20 -0 o 10 20 30 2 4 6 8 10 .
P . s N
(d) S@). (e) S(2). HS&S
FART !
oX— Ay P
. 1 3 4 5 |
I 2 I
|
1000004 | ! !
I Pt
i .
-200000 | I l
s i rot
i P
~300000 '/ \
—400000, 10 20 60
I
. 15 10 5 0 5 10 15
s s ¢ [~ — p +3p)
(@) S&S. (h) C2. (i) ECs.

Figure 2. (a) Work density versus redshift. (b) Radius of the apparent horizon versus redshift. (c) Temperature on dynamical horizon
versus Hawking temperature of a spherically symmetric black hole. (d) & (e) evolution of entropy versus ¢ and z shows that § > 0. (f)

S(t) and S ft) while the condition § > 0 is satisfied, the non- positivity of the equilibrium condition S < 0 exists only for the second half
of cosmic cycle. (g) S(z) and S (z) A violation of S(t) < Ostarts at z g 0.4 (h) The causality condition 0 < ' < 1is satisfied except

near the initial and the future Big Rip singularities (i) Linear energy conditions. Here m = 1.55,4 = 14, K = 0 0l,k=0.landag, = 1.

redshift. The entropy in the model was always positive.
It starts as an increasing function of time in the first
expanding half-cycle until it reaches the maximum value
corresponding to the equilibrium state. The rate of change
of entropy along with the equilibrium condition was
calculated and plotted. The causality is satisfied all the

time except near the initial singularity and the future Big
Rip singularity.

In order to solve problems such as the initial singularity
and future big rip situations, the oscillating Rastall
universe model sets itself apart by including Rastall
gravity to produce a cyclic cosmological model with
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Quintom behavior. However, other studies have used
alternative processes to help transcend the phantom divide,
including parameterized post-Friedmann approaches,
two-field models, holographic dark energy models, and
gravity modifications such as f(Q) gravity. To address the
difficulties in simulating the accelerated expansion of the
universe and the dynamic characteristics of the equation
of state for dark energy, each framework provides distinct
perspectives and approaches. The Introduction contains a
comprehensive discussion with up-to-date references.

It is pertinent to investigate an oscillating Rastall
universe that crosses the phantom division line because it
provides a theoretical foundation for investigating dynamic
dark energy models and possible gravitational alterations.
Therefore, our research is useful and pertinent to the
oscillating Rastall cosmos.
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