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RESUMEN

Se presenta una férmula aproximada para el cdlculo del coeficiente de emisién libre-ligado en el
caso de iones hidrogenoides. La aproximacién se obtiene mediante una manipulacién del factor de
Gaunt (libre-ligado) que intencionalmente distingue la dependencia en la temperatura y en la composi-
cién idnica. Las pruebas numéricas indican que la férmula as{ derivada es muy precisa, rdpida y facil de
usar, caracteristicas que convierten al cdlculo de la contribucién libre-ligado de una regién ionizada
con temperatura y composicin idnica variables en una tarea simple y breve.

ABSTRACT

An approximate formula for the computation of the free-bound emission coefficient for hydro-
genic ions is presented. The approximation is obtained through a manipulation of the (free-bound)
Gaunt factor which intentionally distinguish the dependence on frequency from the dependence on
temperature and ionic composition. Numerical tests indicate that the derived formula is very precise,
fast and easy to use, making the calculation of the free-bound contribution from an ionized region of
varying temperature and ionic composition a very simple and time saving task.
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I. INTRODUCTION

The calculation of the continuous emission by an ionized region requires the integration, along the line of sight,
of the transfer equation. One therefore needs the corresponding emission and absorption coefficients as functions of
the local electron density, temperature and frequency. For thermal processes the emission and absorption coefficients
are related through Kirckhoff’s law. Free-free and free-bound transitions are among the most relevant processes for the
continuous emission in ionized nebulae. The actual computation of the emission coefficients for these processes is
usually performed using the semiclassical Kramers formula corrected by the quantum-mechanical, or Gaunt, factor.
Proper calculations of the Gaunt factors using hypergeometric functions are those by Karzas and Latter (1961),
Brussaard and van de Hulst (1962) and Gayet (1970). Menzel and Pekeris (1935) and Burgess (1958) have also given
approximate formulae for the Gaunt factors which are easy to use and precise.

Several authors (see for instance Sibille, Lunel and Bergeat 1974; Waters and Lamers 1984) have calculated the
continuous (free-bound and free- free) emission coefficients or Gaunt factors over a wide range of frequencies, tempera-
tures and jonic abundances. These results, however, cannot be easily used in the calculation of the emission by an ion-
ized region of varying temperature. Also, the emission in frequencies other than those tabulated by these authors have
to be estimated by interpolation over the available computations.

It is the purpose of this paper to present an approximate but reliable formula for the free-bound emission coef-
ficient of an ionized plasma (in the hydrogenic approximation), which explicitly shows its dependence on frequency,
temperature and ionic composition. This formula is mainly intended to be used in those calculations where tempera-
ture, density and jonic composition vary along the line of sight and thus require a large amount of computations. In §1I
the formula is derived and compared to exact computations; while in §III the conclusions are given.

II. THE APPROXIMATE FORMULA

The free-free and free-bound continuum energy emitted per unit solid angle, unit time and unit frequency inter-
val by free electrons colliding with positive ions of net charge Z in the hydrogenic approximation can be written as (see
for example Brussaard and van de Hulst 1962)
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o1 322% ¢*h rhw, |2 _
W= Z; + Ve 3m: 3 3KT exp (~hy/KT) g, T)+f(», T) ] , (1)

where g (»,T) is the Gaunt factor averaged over a Maxwellian distribution at temperature T for free-free emission; and
f(v,T) stands for the free-bound emission and is defined by

hwoZ?
KT

f,T)=2 Z n” exp (hwoZ?/n?KT) g, (v) , ?2)
n=m

where m (the principal quantum number of the lower bound level for which emission at the frequency v can occur) is
given by m—1 < (vo Z2/v)"? <m; and g,(¥) is the Gaunt factor for the transition of a free electron with energy

~hvyZ?/n? +

to the nth bound level. The other symbols have their usual meaning, with hv, being the hydrogen ionization potential
from its ground state.

For hydrogenic atoms the g,(v) free-bound Gaunt factors can be approximated by (Menzel and Pekeris 1935;
Burgess 1958; Seaton 1960; Aller and Liller 1968; Sibille, Lunel and Bergeat 1974)

®) 1+01728( 2 )”3 a2 (—2 Y] ~ 00496 ( V)“ 2 e ( 2 )“”3+
V)= . —<Zn — U, — —n
En voZ? (V022 ) voZ? 3 voZ?
4 2 - v -4/3 3
= n
3 (V()Zz ) ( )

Substitution of equation (3) in equation (2) gives,

VA v
(v, T) = 2 =22 1+0.1728< 2)”3_0.0496( d )”3 A, +
KT VOZ Vo-Zz

3 14 -1/3 03456 14 -2/3
+ . - 0.
[003 1 <v022 (vozz) B,, —

y \"4/3
- [0.0331 (V pr Cm | - (4)
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where,

An(T/Z)=)_ 0~ exp(twoZ?/n*KT)

n=m
Bn(T/Z2)= Y, n~* exp(hwoZ?/n*KT) ®)
Cn(T/22)= )" n™7 exp(hwoZ?/n*KT)

n=m
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are functions of T/Z? only (for a given m).

Thus, substitution of equation (4) in the second part of equation (1) gives the exact emission coefficient (under
the hydrogenic approximation) for free-bound transitions in a way which explicitly distinguishes the temperature
dependence from the frequency one.

Tables 1 (Z = 1) and 2(Z = 2) give the values of Ay, By, and Cp for m = 1,2, ..., 50 as a function of tempera-
ture, obtained by summing up to n = 5000. The wavelengths in the second column correspond to the upper limit of
the interval in which the given value is to be used.

As we see the calculations of A, By, and Cy, involve infinite summations. Thus, their evaluation in problems
where temperature and ionic composition vary along the line of sight becomes a rather time consuming task. A re-
liable approximation which does not require so many calculations is therefore desired. Such an approximation can be
obtained in the customary way through

2-1 - )
An(T/Z?)~ ) n™ exp(hwoZ?/n?KT) +f x 73 exp(woZ?/x*KT) dx ~
Q

n=m

-1 1 KT
~ Z n 3 exp(hvoZ?/n?KT) + = 5 exp(hwoZ?/9?KT) — 1 ,
2 hVoZ

n=m

e—1 o
B (T/2*) ~ Z n~5 exp(hwoZ?/n?KT) +s’ x5 exp(hvoZ?/x2KT) dx ~
n=m Q
=1 2 -
1 hy,Z2
~ Z n~% exp(hwoZ%/n%KT) + = KT PoZ” 1 ! exp(hvoZ?/22KT) + 1} | 6
n=m . 2 hVQZ2 QzKT B 4 ( )
e—1 o
Cn(T/Z?) ~ Z n~7 exp(hvyZ?/n?KT) +! x”7 exp(hwoZ?/x2KT) dx ~
n=m Q

-1
3 2 2
mz n~7 exp(hvyZ?/n%KT) +l ( KT > { <thZ )2 -2 <hV°Z >+
n=m 2

hveZ2 Q2KT 22KT

+ 2] exp(hwoZ2/Q?KT) — 2 }

where £ is an integer greater than m + 1; the greater ¢, the better the approximation. Numerical tests indicate that for
2=m + 3, equation (4) with Ay, By, and Cy, calculated using equation (6) gives an agproxhnation for f(v,T) better
than 5% for Z =1 and better than 6% for Z =2 in the temperature range T = 1.25 X 10° °K.

If the terms involving By, and Cp, are left out when computing f(v,T), the errors are less than 23%if A> 912 A

and less than 10% if A\ > 1.0 um, for Z =1 and T > 1.25 X 103 °K. For Z = 2 the errors are 18%and 10% respectively.
This approximation is similar to that used by Waters and Lamers (1984).
Tha mass absorption coefficient (Mihalas 1970) may also be calculated from

26y 64n?uy e!® KT
p'myUy (T)  3¢/3mchb® 2hw,Z?

a,(b—f) = exp(— Ww/KT) (v, T) ; (7)

where f(»,T) is given by equation (4).
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70 A. SARMIENTO and J. CANTO

I1I. CONCLUSION

The approximate formula for the calculation of the free-bound contribution to the continuum energy derived ir
the preceding lines has been found to be very precise, fast, and easy to evaluate in any micro-computer for most tem-
peratures of interest. Its main feature is, however, an enormous simplification in the calculation of the free-bound
emission by an ionized region of varying temperature and ionic composition.
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