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RESUMEN

Usando la ley de distribucién de densidad propuesta por Sehnal and Pospisilova
(1988), se estudia el movimiento inicial circular de una érbita en la dtmosfera de Marte

(considerada oblicua y en rotacién).

Se estiman analiticamente la diferencia entre el

periodo nodal y Kepleriano correspondiente, asi como los cambios independientes en cinco

elementos orbitales, sobre un periodo nodal.

ABSTRACT

Using the density distribution law proposed by Sehnal and Pospisilova (1988), the
initially circular motion of an orbiter in Mars’ atmosphere (considered as oblate and
rotating) is studied. The difference between the nodal period and the corresponding
Keplerian one, and the changes of five independent orbital elements, over a nodal period,

are analytically estimated.
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I. INTRODUCTION

The perturbed motion of an orbiter in the
atmosphere of Mars was firstly studied analytically
by Sehnal and PospiSilova (1988). Using the data
provided by Moroz, Izakov, and Linkin (1988), they
approximated the density-height dependence by
the formula

p=-exp(Ag + A1/h) , 1)

where p results in kg/m3, h is the altitude in km over
Mars’ surface, Ag and A; are constants separately
determined for the minimal, nominal, and maxi-
mal density profiles (Sehnal 1990). The nomimal
model, used by us for some numerical estimates,
gives the values Ag = —37.936, A1 = 2376.1. The
expression (1) is valid in the height range 100-
1000 km. In the quoted papers the orbiter was
considered as moving in a spherically symmetrical,
rotationless atmosphere. Only the perturbations
in the semimajor axis and eccentricity, over an
anomalistic period, were estimated.

In this paper we shall estimate analytically the
perturbations caused by the atmospheric drag in
both the nodal period:

2T
Ty =/0 (dt/du)du , 2)

and the orbital elements:
zEY={p,q=ecosw,k=esinw,ﬂ,i} 3)

of a Mars’ orbiter in an initially circular orbit. Here
u = argument of latitude, p = semilatus rectum,
€ = eccentricity, w = argument of periastron, f2
= longitude of the ascending node, i = inclination
(all with respect to a frame originated in the centre
of mass of Mars, whose fundamental plane is the
Martian equator plane). The atmosphere will be
considered oblate (the surfaces of equal density
having the oblateness € = 0.005, namely Mars’
oblateness) and rotating with the angular velocity
w.

II. BASIC EQUATIONS

Under the influence of a perturbing factor (con-
sidered here as depending on a small parameter
o), the motion of the orbiter undergoes a perturb-
ing acceleration (whose radial, transversal, and bi-
normal components are S, T, W, respectively) and
the nodal period will differ from the corresponding
Keplerian period (Tg) by a quantity AT given by

Ty = To + AT . ()
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Let us denote: p = gravitational parameter of the f=1f + Z(af/az)oAz + (0£/80)00 + ..., (9)
planet, r = planetocentric radius vector, A = cos u, byt ’

B = sin u, C = cos i, D = sin i, and describe the
perturbed motion by means of the Newton-Euler
system written in the form (Mioc 1980, 1991)

dp/du = 2(Z/p)rT,

da/du = (2/u) {r*KBOW/(pD) +
+1’T[r(q + A)/p + A] + ?BS},

dk/du = (Z/u){~r*qBCW/(pD) +

+r’Tlr(k + B)/p + B] — r*AS}, 2

dn/du = (Z/p)r*BW/(pD),
di/du = (Z/p)r®AW /p,

dt/du = Zr?(up)~1/2,
where

Z = [1-r*Cn/(up)/?] L. (6)

Consider, as usual, that the elements (3), func-
tions of u, have small variations over one revolu-
tion, such that they may be taken as constant (and
equal to zg = z(ug) = z(u(tp)), z € Y) on the right-
hand side of the equations (5), and these ones can
be separately considered. So, we can write z + zg
+ Az, the variations Az in the interval [ug, u] being
determined from

Az = /U (dz/du) du, z €Y, )

uo

where the integrals can be estimated from (5) by
successive approximations, with Z = 1, limiting the
process to the first order approximation.

Replacing (6) into the last equation of (5) and
expanding it in binomial series, we obtain to first
order in o

dt/du = rz(pp)'1/2+
+ r*cn/(pp) = f(z,o; u), z€Y . 8)
The expansion of the function fin Taylor series

on the hypersurface H = H(zp, 0 = 0; u), z€ Y, with
respect to the small quantities Az and o leads to
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where the index “0” refers to u = ug.
Lastly, consider the orbit equation in polar
coordinates

r=p/(l +ecosv) =p/(1 + Aq + Bk) , (10)
where v = true anomaly, and replace (10) into
(8). Now, calculating the partial derivatives re-
quired by (9), neglecting the terms of the form
(6(r4Cf)/(l£P))/32) Az, z € Y, which contains o2, and
substituting the resulting f = dt/du into (2), we find
(4), where

2
To =/ fodu y
0
and
AT =L + I + I3 + I , (11)
with
I = (3/2) pg/ 2u~ /2
2r
f (1 + Aqg + Bkg) 2 Ap du ,
0
I, = _2p(3)/2”—1/2
27
/ (1 + Aqqg + Bkg) %A Aq du (12)
0
Is = —2Pg/2/f1/2

2r
/ (1 + Agg + Bko)™>B Ak du
0

Iy = 0” {6[r40ﬁ/(p.p)]/80'}0 du .

These formulae are general from two viewpoints:
the nature of the perturbing factor is unspecified,
and the orbit may have any subunitary eccentricity.
The method, firstly used by Zhongolovich (1960)
for a gravitational perturbing factor, was extended
and used by us for various perturbing factor (Mioc
and Radu 1977, 1979, 1982; Mioc 1980, 1988).

As to the changes of the orbital elements (3)
over a nodal period, it is sufficient to perform the
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integrals (7) between the limits 0 and 27 (see also
Mioc 1991; Mioc and Radu 1991).

In this paper we deal only with circular orbits
(eo = 0, therefore qo = kg = 0); so, rg = po, and
(12) acquire the form

27
I = (3/2) p(ly/zﬂ'l/zfo Ap du
27
L= -2y [T A dqau

(13)

27
I3 = —2p>/ 21/ /0 B Ak du ,

2 .
Iy = pg ™10 f (802/30)0 du .
0

In the following sections, for simplicity, we shall
no longer use the index “0” to mark the initial values
of the elements (3) and of functions of them. Every
further index “0” (except ug) is a simply notation
and does not refer to initial values. In fact, every
quantity which does not depend on u (explicitly
or through A and B) and appears in the right-
hand side of equations (5) or (13) will be considered
constant (over one revolution) and equal to its value
for u = ug.

III. EQUATIONS OF MOTION

Let the atmospheric drag be the perturbing
factor. In this case we have (see Taratynova 1957)

S=—pbveavr ,
T = —-p§veg(v, — rCw) , (14)
W = —pb v, rDwA |

where § = drag parameter of the orbiter, v, =
orbiter speed with respect to the atmospheric flow,
Vr, Vo = radial and transversal components of the
orbiter velocity with respect to the planet centre,
the other notations being already defined. The
velocities are (Okhotsimskij, Eneev, and Taratynova
1957)

vre = (1/p)/?(1 + 2Aq + 2Bk + ¢ + K})V/? |
vr = (u/p)/?(Bq — AK) , 15

Vp = (;L/p)l/z(l + Aq + Bk) .
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With these expressions, one finds easily that for
circular orbits, the expressions (14) become

S=0,
T = p6(up)1/2(0w - P_3/2/‘1/2) ) (16)
W = -—p5(pp)1/2 DwA .

Now we must express the density as function of
u (through Aand B). Fromh =r—R(1 — ¢ sin?p),
where R = 3380 km is Mars’ equatorial radius, ¢ =
latitude, and sinp = DB, we obtain

h = p — R + e RD? — ¢ RD?A?;
therefore (1) becomes

Ay
(p — R + eRD?)(1 — QA?)

p = exp[Aq + 1.amn

where Q = ¢ RD%/(p — R + € RD?). Since h lies
between 100-1000 km, it follows that Qmaz = 0.15,
hence we expand (1 — QA2)‘1 to first order in Q,
obtaining easily

p=Xexp (mA?) , 18)

with X = exp[Ag + Ay/(p — R + & RD?)),
m=A1Q/(p-R +e¢ RD?). Itis easy to notice that
m does not exceed 3; subsequently, we shall expand
the exponential in (18) keeping nine terms

8
p = XZ anA?" 19)
n=0

where we denoted a, = m"/n!

By virtue of the considerations made in §II, we
shall separately have in view that first five equations
(5). Since at the analytic calculation of the integrals
(7) we take Z =~ 1, we shall write these equations
omitting in advance the factor Z. So, replacing (19)
into (16), then substituting these ones and putting
r = p in the right-hand sides of the mentioned
equations, they acquire the form
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dp/du — 2Xp7/2,u'1/26(0w _ P_3/2[41/2)

8

Z a‘n’A~2n ,

n=0

dq/du — 2Xp5/2u1/26(0w _ p—3/2“1/2)
8

Z anA2"+1 ,

n=0

(20)

dk/du = 2Xp5/2;f1/26(0w - p—3/2ﬂ1/2)

8
Z a.nAZnB ,
n=0

8
d2/du = —X p* 22w 3 8, AP 1B,

n=0

8
di/du = —X p*/2u 12 Dw 3" a a2t

n=0

IV. PERTURBATIONS OF THE NODAL
PERIOD AND ORBITAL ELEMENTS

Examining (18), one sees that the integrals
(7) must be performed only for p, q and k.
Performing them with the integrands provided by
the corresponding equations (20), we obtain

Ap — 2Xp7/2pl/26(0w _ p—3/2”1/2) X

8
X [aoPgu + Z an(Pru +

n=1

n—1
+(1/2n) D P,AM-2%i-1g) _ F‘l’} ,
=0

Aq = 2Xp5/2p_1/26(0w _ p—3/2ﬂ1/2) %

8
a
X[Z 2n:1

n=0

21

n—1 .
S QuAup - R,
i= -1

Ak = —2 Xp5/2ﬂ—~1/26(0w _ p—3/2ﬂ1/2) x

8
an 2n+1
X —— A
[E 2n+1

n=0

—-Fg],
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where
(2n —1)M )

Po = 1,Pn—2'T , I = 1,2,... ;
Pno =1,

P - (2n - 1)(2n — 3)...(2n — 25 + 1)

™ 2(n—1)(n—-2)..(n—3) ' (22
j = 1) n—1 )

Qn,—l = 1)

Quj = 27+1 n(n —1)...(n - j)

C (2n-1)(2n-3)..(2n—2;—1)°
i=0n-1,

while F, s = 1,3, represents the numerical value
of the whole expression (function of u) preceding it
inside the square brackets, for u = ug.

Replace now (21) into (13) and perform the inte-
grations; we find I; # 0 (see below its expression),

I3 =0,I3 =0. Asto 14, using the last equation (5)

and the fourth equation in (20), then performing
the last integral (13), in which the part of the small
parameter ¢ is played by X, we find I4 = 0. So, by
(11) we have

AT =1; = éxX ptp~16 (Cw — p_3/2 #1/2) X

8

X (7 Z anPn — F(l)) .

n=0

(23)

As to the changes of the orbital elements (3)
over a nodal period, replacing (20) into (17), then
performing the integrals between 0 and 27, and
denoting the results also by Az, z € Y, we obtain

Ap = 47X p7/2[l._1/26 (CW _ p_3/2[.l.1/2)>(
8
X Z anP, ,
n=0

Ak = 0,

(24)
AR =0,

8
Ai = —27X p¥/2p1 /26 Dw Z anPny1,

n=0

where Py, Py are given by (22).
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V. CONCLUDING REMARKS

t) Examining (23) and (24), we see that the
initially circular orbit or an artificial satellite in the
Martian atmosphere (whose density distribution be-
tween 100-1000 km is described by (1)) returns to
the circular form after a nodal period. The new
radius is smaller than the initial one. As to the orbit
plane, the node comes back to its initial position, but
the inclination becomes smaller.

1) Particular cases can be obtained, for instance,
referring the initial values to the ascending node
(up = 0), neglecting the atmospheric rotation
(w = 0), or oblateness (¢ = 0), etc.

ut) The use of u as the independent variable
makes possible the study of the perturbations in the
period for very low eccentric orbits (even circular, as
we considered). Such a study is impossible if one of
the anomalies is taken as an 1ndependent variable.

iv) One the basis of the changes in (24), expres-
sions for such variations can be obtained for any
other orbital element (except, of course, the anom-
alies).

v) Unlike the similar studies (Sehnal and Pospisi-

. 1979, Astr. Nachr,,

lova 1988; Sehnal 1990), our paper, although it
deals with circular orbits only, considers less restric-
tive hypotheses (oblate, rotating atmosphere), and
determines analyltic expressions for the perturba-

- tions in both the period and the five independent

orbital parameters.
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