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RESUMEN

Se investiga la forma y las propiedades emisivas de choques de proa asimétricos
usando modelos analiticos. Se consideran dos origenes para la asimetria: 1) un
gradiente de densidad transversal en el medio por lo cual se propaga el choque de
proa; 2) un sesgo en la distribucién del gas del chorro chocado que estd impulsando
el choque de proa. En cada caso, se presentan imdgenes y diagramas de posicién-
velocidad para lineas de emisién tanto de alta como de baja excitacién. Se aplican
estos modelos a observaciones de choques de proa en las cabezas de chorros de
estrellas jévenes. Se encuentra que, en el caso de Herbig-Haro 1, la causa mads
probable de la asimetria observada en este objeto es un gradiente de densidad
ambiental.

ABSTRACT

The shape and emission properties of asymmetric radiative bowshocks are
investigated using analytic models. Two origins for the asymmetry are considered:
1) a transverse density gradient in the ambient medium into which the bowshock
is propagating; 2) a skewness in the pressure distribution of the shocked jet gas
that is driving the bowshock. In each case, images and position-velocity diagrams
are presented for both high- and low-excitation emission lines. These models are
applied to observations of bowshocks at the heads of jets from young stars. It is
found that, in the case of Herbig-Haro 1, an ambient density gradient is the most
likely cause of the asymmetry observed in this object.
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1. INTRODUCTION

festation of the collimated supersonic ejection of ma-

Herbig-Haro (HH) objects were originally discov-
ered as knots of optical line emission, found in re-
gions of low mass star formation (Herbig 1951; Haro
1952). However, they are now observed in all spec-
tral regions from radio to ultraviolet and similar
objects have been associated with high mass stars
(Marti, Rodriguez, & Reipurth 1993). Recent re-
views of observations include Reipurth (1992) and
Rodriguez (1989). A useful database is given by
Reipurth (1994).

HH objects are often found in groups, arranged
in linear or quasi-linear structures, frequently with
aligned proper motion vectors (Herbig & Jones 1981,
Reipurth, Raga, & Heathcote 1992; Eisloffel, Mundt,
& Bohm 1994) and are widely believed to be a mani-
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terial from young stars or their close circumstellar
environs. They show an emission line spectrum char-
acteristic of shockwaves, with velocities typically in
the range 50-200 km s~! (Schwartz & Dopita 1980)
and, in many cases, individual knots or groups of
knots have shapes that are very suggestive of bow-
shocks (e.g., HH 1, HH 34, HH 46/47, HH 111).
These latter objects have traditionally been inter-
preted as the result of the stellar ejecta impinging
on the ambient medium, with the ejecta either be-
ing in a continuous collimated wind or jet (Canté &
Rodriguez 1980; Canté; Tenorio-Tagle, & Rézyczka
1988), or consisting of discrete blobs or cloudlets
(Schwartz 1975; Norman & Silk 1979). More re-
cently, variable speed jet models, in which internal
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bowshocks form along the length of the jet, have had
great success in explaining observations of some ob-
jects (Ragaet al. 1990; Raga & Kofman 1992). Much
work has been done on modelling the dynamics and
emission of radiative bowshocks (Raga 1985; Harti-
gan, Raymond, & Harthmann 1987; Raga 1988; Har-
tigan 1989; Noriega-Crespo, Bohm, & Raga 1990)
and on comparing predicted morphology, kinematics
and spectra with observations of HH objects (Choe,
Bo6hm, & Solf 1985; Noriega-Crespo, Bohm, & Raga
1989; Solf et al. 1991; Morse et al. 1992; Raga &
Noriega-Crespo 1993; Indebetouw & Noriega-Crespo
1995). However, to date, all such studies have as-
sumed cylindrical symmetry for the bowshock struc-
ture.

Interaction between supersonic stellar ejecta and
ambient gas will result in the formation of two shocks
(Pikelner 1968; Dyson & deVries 1972), separated by
a contact discontinuity. The outer shock accelerates
the ambient gas, while the inner shock decelerates
the ejecta. In the case where the ejecta is a jet, the
inner shock is called the Mach disk and the outer
shock the bowshock. Depending on the velocity of
the jet and the density ratio between the jet and the
ambient medium, either or both of the bowshock and
Mach disk may be radiative (Hartigan 1989). In this
paper, a preliminary study is presented of the emis-
sion properties of bowshocks that depart from cylin-
drical symmetry. This asymmetry is considered to
be the result either of perturbations in the density of
the medium into which the bowshock is propagating
or of asymmetries in the jet that is driving the bow-
shock, possibly resulting from temporal variations in
the jet direction. Very simple analytic steady-state
models are employed and these are described in § 2.
The method of calculating the bowshock emission,
together with an examination of the validity of some
of the model assumptions, is presented in § 3, while
resultant images and spectra of selected optical emis-
sion lines are illustrated in § 4 and § 5, respectively.
The application of these models to actual objects is
then considered in"§ 6.
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2. CALCULATION OF THE BOWSHOCK
SHAPE

2.1. General Treatment

Consider a bowshock formed by the interaction
with an inhomogeneous environment of a jet travel-
ling along the z-axis. We assume that the shocked
jet material does not cool but forms a cocoon with a
thermal pressure P, and that both P and the density
p of the ambient medium in front of the bowshock
are independent of z. On the other hand, the am-
bient gas is assumed to cool promptly after passing
through the bowshock, forming a thin, shocked layer
(see § 3.1. for discussion of the validity of these as-
sumptions). Then, ignoring centrifugal and Coriolis
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forces, we can balance the cocoon pressure with the
ram pressure of gas entering the bowshock to obtain

Pla,y) = ple ) i) , (1)

where u = ugk is the pattern speed of the bowshock
and fi(z, y) is the unit vector normal to the bowshock
surface.

The shape of the bowshock surface can be de-
scribed by a function f(z,y,z), such that f =0 on
the surface. We can also choose that |V f| = 1 on the
surface, so that we have i = V f. Hence, equation (1)
can be rewritten

p=Lr (@)

2
PUp

that is, f, is independent of 2 (the subscripts here
indicate partial differentiation). Hence, we can write

o=t P, ©

where g(z,y) is a solution of the partial differential
equation

2
u
93+g§=%—1‘ (4)

The shape of the bowshock is then given by

2.2. Specific Solutions

In this section, three particular cases will be con-
sidered in which explicit solutions for g in equa-
tion (4) can be found by analytic means.

Case 0. The symmetrical case, in which the
preshock density is constant and the jet pressure is a
function solely of cylindrical radius from the z-axis,
leading to a cylindrically symmetric bowshock.

Case 1. The case of a non-uniform ambient
medium, in which there is a transverse density gra-
dient in the preshock gas. ,

Case 2. The. case of a skew jet, in which the pres-
sure of the shocked jet gas falls off in an asymmetric
way with distance from the jet axis.

Cases 1 and 2 are illustrated schematically in Fig-
ure 1. In each case, the preshock gas is assumed
to be at rest or to have a constant velocity aligned
with the jet axis (which amounts to the same thing
so long as all velocities are considered to be with re-
spect to this gas). Of course, another way to generate
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a) Asymmetric Ambient Density
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b) Asymmetric Jet Pressure

Constant Density

Fig. 1. A steady-state asymmetric bowshock may be caused (a) by a density gradient in the ambient medium or (b)
by a non-axisymmetric pressure distribution in the shocked jet.

an asymmetrical bowshock would be for the preshock
gas to have a non-zero velocity component transverse
to the jet axis (e.g., narrow-angle-tail radio galaxies,
Balsara & Norman 1992) or a parallel component
that varied with position. However, this possibility
will not be pursued further here, apart from a brief
discussion in § A.2, where it will be shown that it
would present considerable problems for the method
employed in calculating the bowshock emission.

2.2.1. Case 0: Symmetrical Bowshock

We will consider the following form for the pres-
sure of the shocked jet material

Py

gatacETo ©

.

“where Py is the on-axis pressure and £ (> 0) measures
how steeply the pressure falls with distance from the
“axis. This is probably a reasonable parameterization
of realistic jet pressure distributions except for far
from the jet axis, where the approximation of bal-
ancing shocked jet gas thermal pressure against the
ram pressure of incoming ambient gas breaks down
anyway.
In this case (p = po), the bowshock will be cylin-
drically symmetric and equations (4), (5), and (6) are
easily solved (with the requirement that the cross
sections through the bowshock at each z be closed
curves) to give the shape
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1 \
o (x2+y2)(1+£)/2 ' (7)

For £ = 1, this implies a paraboloid bowshock,
whereas larger or smaller values of £ give respectively
blunter or more pointed bowshocks, as one would ex-
pect.

2.2.2. Case 1: Non-Uniform Ambient Density

Using the the same jet pressure distribution as in
the previous case, it follows that, if the shape of the
bowshock g(z, y) is given, then, with the requirement
that the apex of the bowshock lies on the z-axis (so
that P = pu? there), the ambient density distribu-
tion is given by

1+92+95

T+ (@ 4 y)E ©

P = po
where po is density on the z-axis. We only consider
density distributions that possess mirror symmetry
about the plane y = 0, which implies g, = 0 on this
mid-plane. Hence, using equation (4), we can write
the pressure balance in the mid-plane as

2
gt =P (1+2%)p(z,0)- 1 . 9)

Since g2 must be positive for all values of z, this con-
strains the possible mid-plane density distributions
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p(z,0). In particular, exponential density profiles or
power-law profiles with exponents of 2¢ or greater
cannot give rise to a bowshock shape that is valid
for all z.

Rather than directly choose a form for p(z, 0), we
instead, by analogy with the results in the previous
case, choose g in the mid-plane to be

1+ Dtanh
9(z,0) = <L1+i€n_£) 2

(10)
where D is a measure of the asymptotic density
contrast between the two sides of the mid-plane.
This has the desirable property that g(z) — (1 +
D)zt /(14 €) as £ — +oo. In other words, away
from the jet axis, the bowshock shape in the mid-
plane will have the same functional form as in the
symmetrical case, but will be more “open” on one
side than the other. Then, using equation (9), the
mid-plane ambient density can be found as

fl)f T 2
(2,0 = o {I—M} S

1422
where
[(1 +¢&)tanhz + 2 sechzx] . (12)

(m)—-1+1+€

This gives a “triple-plateau” density distribution,
where the density to either side of z = 0 tends to-
wards

pr=_lim [p(2,0)]=(1£D)*p .  (13)

This is illustrated in Figure 2 for D = 0.3 and for
three values of £ (0.5, 1.0 and 2.0), together with the
corresponding bowshock shapes.

To find the solution away from the plane y = 0, we
assume that p = po everywhere in the plane z = 0.
Hence, if we require that we recover the Case 0 solu-
tion when D — 0, then one of the simplest solutions
is

(1+€)/2
_ (1+ Dtanhz) (2 +9%)
This implies that the density distribution is
1+ B(2,9) (e +17)°
b,y = CAEA) | )

1 + (:L-2 + yZ)E
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Fig. 2. Mid plane density profiles (upper panel) and
corresponding zz-sections through the bowshock shape
(lower panel). Density contrast D = 0.3, cocoon pressure
index £ = 0.5 (dashed line), 1.0 (solid line), 2.0 (dotted
line).

where
B(z,y) = (1+ Dtanhz)?
2z Dsech’z (1+ Dtanhz) + Dzsech4z( 2 y2)
1+¢ (1+6)°

(16)

This density distribution, together with contours of
zy slices through the corresponding bowshock shape,
is illustrated in the top panels of Figure 3 for £ = 1
and 2. It can be seen that, in each case, the distri-
bution is close to plane-parallel. Note that at radii
larger than those illustrated the density is rather ill-
behaved, developing peaks in the z = 0 plane. How-
ever, this does nor affect any of the models calculated
here.

2.2.8. Case 2: Skew Jet Pressure

Since there are virtually no a priori constraints
on reasonable functional forms for the jet pressure in
this case, we are even more justified than in the previ-
ous case in working backwards from an assumed bow-
shock shape. It is found that a reasonable choice is
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X

Fig. 3. The ambient density (top panels) or shocked jet pressure (bottom panels) in any zy plane (grayscale) with
superimposed zy-sections through the bowshock shape (solid lines). Top panels are for Case 1 models with density
contrast parameter D = 0.3, bottom panels are Case 2 models with pressure skewness parameter a = 0.5. Left-hand
panels show paraboloid models with shape parameter £ = 1, right-hand panels show blunter models with ¢ = 2. The
ry-sections are shown for integer values of z, starting at z = 1. The density and pressure scales are linear.

g= (1+acos6)7,1+5 , (17)

1+¢

where r = (22 4+ y?»)'/?, 0 = tan!(z/y) and a
describes the severity of the skewness. From the
cylindrical-polar analogue of equation (4), assuming
constant ambient density, we have

© Universidad Nacional Autéonoma de México

P/Py=(1+gt+g3/r)7" , (18)

from which the pressure distribution is found to be

Py

P= 140y

(19)
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where
A(0) = (1 +acosf)® +a’sin® /(1 + €)% . (20)

Note that when @ = 0, then A = 1 and equation (19)
reduces to equation (6) as required. This pressure
distribution is illustrated in the bottom panels of Fig-
ure 3.

3. CALCULATION OF THE BOWSHOCK
EMISSION

The emission from the bowshock is calculated us-
ing a probabilistic technique, in which points of ori-
gin for photons on the bowshock surface are selected
randomly from a given probability distribution. The
main reason for adopting this approach is to allow the
calculation of the scattering of the bowshock emis-
sion lines by surrounding dust. These calculations,
using a modification of the Monte Carlo scattering
algorithm described in Hennney & Axon (1995), will
be published in a subsequent paper. The formal-
ism is only tangentially relevant for the purposes of
the current paper and is hence described in an Ap-
pendix. The emission per unit area at each point on
the bow shock surface is taken from the pre-ionized
shock models of Hartigan et al. (1987), using the local
values of the shock velocity and pre-shock density.

The assumption of prompt post-shock cooling is
examined in § 3.1. and the post-shock gas velocity
distribution (required for the construction of spectra)
is discussed in § 3.2.

3.1. Cooling Lengths

We will now discuss the length scales on which gas
is expected to cool behind the bowshock, in order
to justify the assumptions made in calculating-the
bowshock emission. The characteristic time for gas
of pressure P to cool at a rate L (erg s™! cm™3) is
given by

P
te = ———— 21
¢ ('y—l)L ' ()
where v is the adiabatic index. Using straight-line
fits to the cooling function on the three temperature
intervals, (i) < 10* K; (d1) 10* — 10° K, and (i)
> 10° K (Kahn 1976; Arthur, Dyson, & Hartquist
1993), we obtain the following expressions for the
postshock cooling time in terms of the perpendicular
shock velocity v100 (in units of 100 km s_lg and the
-preshock density nigo (in units of 100 cm™7)

4.810 x 10™* n7g, vig, yrs (vieo < 0.211)
te =< 4.04 nig vi%g? yrs (0.211 < vigp < 0.666)

14.85 nJgy vi0o ¥r8 (vioo > 0.666) .
(22)
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Cooling time (years)

0.1 Shock speed / 100km/s 1

Fig. 4. Cooling time as a function of shock velocity for
a preshock density of 100 cm™3,

This cooling time is illustrated in Figure 4. We
can now roughly estimate the cooling distances, both
parallel and perpendicular to the shock as

dy =1.02x 10™* wigg tc pc (23)

d; =1.02x 107%(0.25v100) tc pc , (24)

where wjgo is the velocity. of postshock gas paral-

lel to the shock front, which is equal to the parallel
component of velocity with which the gas enters the
shock (note that these velocities are all specified in
the frame in which the bowshock is stationary). This
value for d is an upper limit, since the normal veloc-
ity component of the gas will decrease from 0.25v1q9
to roughly zero as the postshock gas cools. How-
ever, fits to the cooling distances in numerical shock
models Raga & Binette 1991) give similar results.
On the other hand d; should quite closely reflect
how far along the bowshock the gas travels before
cooling, although a precise estimate would require
a detailed calculation of the postshock flow. Fig-
ure 5 shows these cooling distances for a high-speed
(175 km s~ 1) and a low-speed (50 km s~!) bowshock
model, with and without an ambient density gradi-
ent. The unit of length for the models (scale length
of shocked jet pressuré distribution, see eq. (1) is
taken to be 2.18 x 1073 pc, which gives bowshock
sizes typical of those found in HH objects.

For the high-speed symmetric model, d is zero
at the head of the bowshock (z = 0) because w, the
parallel component of the postshock velocity, is zero
there. To each side, w increases monotonically to-
wards the wings but the perpendicular shock velocity
v decreases, leading to a rapid fall in tc (since we are
on the right hand side of Fig. 4), leading to a max-
imum in dy near the head. On'the other hand, d;
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Fig. 5. Cooling distances behind the bowshock, & (dot-
ted line) and d, (dashed line), together with total cooling
distance (d?| + d:j‘.)l/2 (solid line). Also shown are y = 0
cuts through the bowshock shape (solid line bounded by
dark gray shaded area). Top panels show a model with
bowshock pattern speed ug = 175 km s~ ! and preshock
density ng = 300 cm~3: bottom panels show a model
with g = 50 km s~!, ng = 100 cm™3. In both models,
the unit of length is taken to be 2.18 x 103 pc. Left
panels have D = 0, right panels have D = 0.6. Light
gray shaded area indicates where the total cooling length
exceeds 2.

peaks at z = 0 and falls off to each side, due to the
decrease in both v and tc. The total cooling distance
never rises above 1 for this model, so the assumption
of strong cooling and strictly local emission behind
the bowshock is well justified.

For the asymmetric version of the same model, a
similar pattern is seen except that the cooling time
(proportional to n~!) increases on the low density
side, causing d; to exceed unity there. This means
that the postshock gas no longer cools immediately
at the position where it enters the shock, but only
after it has been carried some way downstream. The
resultant expansion cooling and geometric dilution
will reduce the brightness of emission from this side
of the bowshock, but by an amount that is hard to
estimate without performing full hydrodynamic cal-
culations. In the figure, the region downstream of
where d > 2 is designated a non-radiative zone (al-
though the choice of 2 is somewhat arbitrary). The
low-speed model behaves quite differently since the
relevant range of v is in the central part of Figure 4
and hence tc is almost completely insensitive to v,
except for when v falls to very low values, leading
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to long cooling lengths only in the far wings of the
bowshock where the emission is very faint anyway.

In the models presented here, the Mach disk (jet
shock) is assumed to be non-radiative so that its
emission can be ignored. This is not necessarily a
good approximation for many HH objects, although
we will now show that it is probably valid for Herbig-
Haro 1. The differences between the conclusions of
this analysis and those of Hartigan (1989), who made
a similar study of the Mach disk in HH 1, are almost
entirely due to the latter’s neglect of the possibility
that the ambient gas may itself be moving away from
the jet source at a significant velocity.

Using equations (22) and (23), one can show that
the ratio of the perpendicular cooling distance be-
hind the bowshock dB5 to that of the Mach disk
dMD is

d?.s — Met [ UBs 4:[3, UBS ° (25)
dfP " no \vmp ¥ \vmp,)

where the second equality follows from momentum
conservation. Here, vgs and vyp denote the perpen-
dicular shock speeds of the bowshock and Mach disk
(which are both assumed to be larger than 66 km
s71), njet is the number density in the jet and Bie
represents the fraction of the jet momentum that
goes into accelerating the ambient gas, rather than
being diverted sideways, which typically has a value
Biet ~ 0.7 Hartigan (1989). If the physical velocities
of the jet, working surface and ambient medium are
denoted by, respectively, uje;, uws and uenv, then we
can write UBs = Uws — Uenv and UMD = Ujes — Uws.
Hence, in order that the cooling distance behind the
Mach disk be longer than that behind the bowshock,
we have the approximate condition

(26)

Ujet > 2uws — Uenv ,

where ﬂjle/ts ~ 1 has been assumed.

For Herbig-Haro 1, uws = 300-380 km s~ !from
proper motion measurements, whereas Ujet Cannot
reasonably much exceed 500 km s™!. Hence, from
equation (26), we require that ueny > 200 km s~1.
That the ambient medium’ has such a velocity in
HH 1 is strongly indicated by other studies, see the
discussion in § 6.2. On the other hand, we really
require, not only that d¥P exceed dBS, but that
it be comparable to the size of the bowshock. In
HH 1, taking uws = 350 km s™!, ujey = 500 km
s~!and tenv = 200 km s~!, we find vgg = 150 km
s~'and vmp = 200 km s~!. Hence, in order that the
Mach disk cooling length be significant (here, taken
to mean > 2 x 1073 pc) we need nje; to be less than
300 cm™3. This is roughly a factor of two less than
the value of nje; estimated by Hartigan (1989). The
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above analysis also implies that the ambient density
no should be less than 500 cm™3, whereas analysis of
the upstream scattered light leads to a value of order
1000 cm~3 (Henney, Raga, & Axon 1994). However,
the large uncertainties in all these estimations ren-
der the significance of the conflict doubtful. Never-
theless, it should be borne in mind when considering
the results presented in subsequent sections that in
some HH objects there may also be a contribution to
the emission from the Mach disk, which is not con-
sidered. If there is strong cooling behind the Mach
disk, then it will also affect the pressure distribution
in the cocoon of shocked jet gas. In such a case, it is
not clear that the pressure distribution adopted here
[equation (6)] is at all appropriate. However, to deal
with this point in a satisfactory manner would re-
quire detailed hydrodynamic calculations, which are
beyond the scope of this study.

3.2. Velocity of the Emitting Gas

As discussed in the previous section, the gas is
assumed to cool promptly behind the bowshock, so
that the normal component of the postshock gas ve-
locity in the frame of the shock is zero. The post-
shock velocity of the emitting gas in the stationary
frame of the upstream gas is then

uo(gzi + gyj +k)
1+ g2 +9¢

u; = UO(kfl)ﬁ = (27)

Expressions for the partial shape derivatives g- and
gy for Case 1 and Case 2 are rather cumbersome but
straightforward to calculate.

The true nature of the flow in the cooling region
behind the bowshock cannot be accurately captured
by the simple model developed here. However, in lieu
of a more complicated model, it is useful to consider
the addition of a thermal and a turbulent component
to the velocity given by equation (27). The thermal
component depends on the mean temperature of the
gas in the line-emitting region and on the atomic
weight of the ion and will hence vary from emission
line to emission line, being larger for high excitation
lines and for hydrogen. However, shock models show
that for a given line this temperature is often not
strongly dependent on the shock velocity (Hartigan,:
Morse, & Raymond 1994). Hence, it can be taken to
be constant across the bowshock and included by a
simple convolution of the resultant emission line pro-
files with a Gaussian of the appropriate width. The
turbulent component is less well constrained but, if
the turbulence is assumed to be excited by shear in-
stabilities (e.g., Kelvin-Helmholtz), then it is reason-
able to assume that it is proportional to the parallel
post-shock velocity w (see § 3.1.). The turbulent ve-
locity is hence taken from an isotropic Gaussian dis-
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tribution, with width nw, where 7 is an adjustable
parameter. This is easily incorporated within the
framework of the probabilistic method of calculating
the emission. ‘

4. EMISSION LINE IMAGES

In this section we present monochromatic images
of the bowshock models in the light of particular op-
tical emission lines. The emission lines chosen are
[S 1] 671646731, Ha and [O III] 495945007, cov-
ering the range from low to high excitation. The
images are calculated using a “patchwork” of planar
radiative shock models (Hartigan et al. 1987). Full
pre-ionization of the preshock gas is assumed in all
cases. In order to produce the images, apart from the
physical parameters discussed in § 2, the orientation
of the bowshock with respect to the observer must
also be considered. This is specified by two angles:
«, the inclination of the z-axis with respect to the
plane of the sky, and 3, the angle which the z-axis
has been rotated from the plane of the sky about the
z-axis. These are illustrated in Figure 6. Hence, the
projected position [z’,y’] on the plane of the sky of
a bowshock element at position [z,y, 2] is given by

' = —zsinasinf - ysinacosf +zcosa , (28)

Y =zcosB—ysinf . (29)

The first group of three figures all show bowshock
models with a speed ug = 150 km s“ltha,t are either

Fig. 6. Orientational parameters of the models: « is the
angle between the jet axis and the plane of the sky, g is
the rotation about this axis of the density gradient axis,
measured from the plane of the sky.
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Fig. 7. Emission line images of paraboloid bowshocks (E = 1) moving into uniform and non-uniform media. Lines
shown are [S II] 6716+6731 (left column), Her (middle column) and [O III] 495945007 (right ¢olumn). All models have
a bowshock velocity ug = 150 km s~1. Density gradient and orientation parameters are indicated to the right of each
row. The grayscale is linear and is normalized to the peak flux of each image. Ratios of peak flux in [S II] to peak flux
in Ho are (top to bottom) 0.44, 0.45, 0.45, 0.48. Ratios of peak flux in [O III] to peak flux in Ho are (top to bottom)

2.20, 2.24, 2.17, 1.31. A seeing width of 0.5 is assumed.

symmetrical (Case 0) or have an ambient density gra-
dient (Case 1). Figure 7 shows images of paraboloid
bowshocks (§ = 1) in the light of each of the three
emission lines. The top row shows a symmetrical

© Universidad Nacional Auténoma de México ¢ Provided by the NASA Astrophysics Data System

model moving in the plane of the sky. The next three
rows all show a model with an ambient density gra-
dient D = 0.3, at various orientations to the line of
sight, as indicated on the figure. Figures 8 and 9
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Fig. 8. Emission line images of pointed bowshocks (¢ = 0.5) moving into uniform and non-uniform media. Otherwise,
the same as Figure 7. Ratios of peak flux in [S II] to peak flux in Ha are (top to bottom) 0.43, 0.49, 0.41, 0.47. Ratios
of peak flux in [O III] to peak flux in Ha are (top to bottom) 2.29, 2.27, 2.26, 1.10. A seeing width of 0.5 is assumed.

show exactly equivalent groups of models but with
¢ = 0.5 and & = 2.0, respectively, leading, in the first
instance, to more pointed bowshock shapes that are
asymptotically conical and, in the second instance,
to blunter bowshock shapes with flat “noses”.

It is apparent from the figures that the zone of

[O III] emission is much less extended than that of
[S IT} or Ha. This is because the higher postshock
temperatures needed for the production of O III are
only found behind the relatively high velocity shocks
close to the front of the bowshock. The most im-
portant feature to note about the models with an
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Fig. 9. Emission line images of blunt bowshocks (¢ = 2.0) moving into uniform and non-uniform media. Otherwise,
the same as Figure 7. Ratios of peak flux in [S II] to peak flux in Ha are (top to bottom) 0.48, 0.48, 0.46, 0.48. Ratios
of peak flux in [O III] to peak flux in Ha are (top to bottom) 2.05, 2.05, 1.94, 1.44. A seeing width of 0.25 is assumed.

ambient density gradient is that the asymmetry in
the low excitation lines ([S II] and Ha) is opposite
in sense to that in the high excitation lines ([O III}).

That is, the low excitation lines are brighter from

the high density side (top in the figures), whereas the
high excitation lines are brighter from the low density

© Universidad Nacional Auténoma de México ¢ Provided by the NASA Astrophysics Data System

side. This is because the velocity dependence of the
[O II1] is very steep, so that the decrease in density
is more than made up for by the more open shape
of the bowshock, which leads to a slower decrease
in perpendicular shock velocity towards the wings.
The low excitation lines, on the other hand, are not
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so sensitive to shock velocity and so the higher mass
flux of gas through the shock on the high density side
leads to them being brighter there. It can be seen
that this state of affairs is quite robust to variations
in the model parameters and orientation, although
it is less pronounced in the blunter bowshock model
(¢ = 2, Fig. 9), since the [O III] emission is so concen-
trated towards the nose in this case. Figure 10 shows
the effect of varying the speed of the bowshock with
respect to the upstream gas. For the low velocity
model, the [O III] emission is weaker and more lo-
calised while the [S II] emission is more prominent,
especially on the high density side. For the high
velocity model, on the other hand, [O III} is much
stronger and extends further towards the wings be-
cause of the higher shock velocities. The general pat-
tern of asymmetry remains the same, however, and it
is probably safe to assert that such a dichotomy be-
tween the asymmetry in the distribution of low and
high excitation emission is a general feature of steady
state bowshocks propagating into a medium with a
transverse density gradient.

A selection of Case 2 (skew jet pressure) models
is shown in Figure 11. It can be seen that, unlike
in Case 1, these models all show the same sense of

asymmetry for all the emission lines. That is, the
emission is always brighter from the higher pressure
side (downwards in the figure). This is because, with
a constant upstream density, the only factor influenc-
ing the emission is the bow shape and hence the run
of perpendicular shock velocity with position. Since,
for full preionization, line emissivity is a monoton-
ically increasing function of velocity in the relevant
range, the more open side of the bowshock is always
the brighter.

5. EMISSION LINE PROFILES

In this section, simulated longslit spectrograms
are presented that show the predicted line profiles
from the models as a function of position along a
slit. The positions of the two slits used are shown in
Figure 12, superimposed on an example model image
of the bowshock. Slit A runs along the z’-axis, paral-
lel to the projection of the jet axis onto the plane of
the sky, while Slit B runs parallel to the y'-axis, dis-
placed downstream from the head of the bowshock
by 6 units (6 = 0.5,1) or 3 units (§ = 2). Spectro-
grams are shown in Figures 13 to 18 for the Ha line
and for the line ratios [S II]/He and [O III]/Hea.

u,=120kms"

u, =180kms"

Fig. 10. Emission line images of paraboloid bowshocks moving into a non-uniform medium. The top row shows a slower
bowshock than in the previous figures while the bottom row shows a faster bowshock. Bowshock speed is indicated to
the right of each row. All models have £ =1, D = 0.3, o = 8 = 0.0. Ratios of peak flux in [S II] to peak flux in He are
(top to bottom) 0.40, 0.49. Ratios of peak flux in [O III] to peak flux in Ha are (top to bottom) 2.26, 2.00. A seeing

width of 0.5 is assumed.
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Fig. 11. Emission line images of bowshocks driven by a skew jet pressure distribution. Lines shown are as in Figure 7,
and all models have ug = 150 km s~! and are moving in the plane of the sky (o = 8 = 0). Jet pressure steepness and
skewness parameters are indicated to the left of each row. Ratios of peak flux in [S II] to peak flux in Ha are (top to
bottom) 0.43, 0.45, 0.48. Ratios of peak flux in [O III] to peak flux in Her are (top to bottom) 2.36, 2.18, 2.04.

Figure 13 shows aperture A spectra for the model
whose images appear in Figure 7. All are paraboloid
bowshocks (¢ = 1), moving at 150 km s™!into an am-
bient medium with density gradient D = 0.3. No tur-
bulent broadening has been included in these spectra.
The top left three panels show the model seen from
a direction such that both the jet axis and the den-
sity gradient lie in the plane of the sky (a = 8 =0).
In this case, a symmetrical line profile is seen since
the slice of the bowshock whose light enters the slit
is perpendicular to the density gradient and hence
is itself symmetrical. At the very tip of the bow-
shock, the postshock velocity is in the plane of the
sky and hence the Doppler shift is zero. However,

© Universidad Nacional Auténoma de México ¢ Provided by the NASA Astrophysics Data System

moving back from the tip, the angle between the
postshock velocity and the jet axis increases while
the magnitude of the postshock velocity simultane-
ously decreases. For o = 0, this leads, independently
of the bowshock shape, to a maximum Doppler shift
of +0.5up when 6 = 45° (where 6 is the angle be-
tween the normal to the bowshock surface and the
jet axis). For & = 1, this maximum Doppler shift
occurs at ' = —0.5 and can be clearly seen in the
Hao spectrogram.

The line ratio spectrograms reflect the behaviour
of each line ratio as a function of shock velocity. The
[S IT}/Ha ratio has a broad minimum around 100 km

s~1, rising for higher and lower velocities, but then
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Fig. 12. Positions of the slits A and B, for which sim-
ulated spectrograms are presented, shown superimposed
on an image of a typical model. The outline of the bow-
shock is indicated by the dashed line.

falling again below 40 km s~*. The [O II1]/Ha ratio,
on the other hand has a'maximum around 100 km
s~1and falls to very low values for shock speeds less
than 80 km s~!. Hence the maxima in [O III]/Ha
and minima in [S IIJ/Hea in the region just behind
the head of the bowshock. Note that the [S II] lines
are narrower than either [O III] or Ha because of the
lower thermal broadening, a result of the high atomic
weight of sulfur combined with the low temperature
of formation of the lines.

It can be seen from the figure that the effect on
the Ha line shape of an inclination of the density
gradient (top right panels) is in some ways similar to
that of a moderate inclination of the jet axis (bottom
left panels). That is, both induce an enhancement in
the intensity of the blue wing of the line, together
with a slight hook in the spectrogram profile on the
blue side, (For the sake of clarity, in this discussion
it is assumed that the inclination angle is positive
in either case. If it is negative, then the same rea-
soning holds, but with “red” and “blue” reversed).
However, the behaviour of the line ratios is quite dif-
ferent in the two cases. For the case of an inclined
density gradient (8 > 0), the blue part of the line pro-
file comes from a region of the bowshock with higher
preshock density and lower shock velocity than the
red part at the same value of z’. Hence, the [S1I]/Ha
ratio increases and the [O III]/Hea ratio decreases to-
wards the blue. For the case of an inclined jet axis
(e > 0), however, the blue part of the line comes
from closer to the head of the bowshock than the red
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part, and hence the [S II]/Ha ratio decreases and the
[O III]/Ha increases towards the blue. The two cases
can therefore be easily distinguished observationally.

Figure 14 shows the same spectra but including a
turbulent velocity dispersion in the post-shock gas
(see § 3.2.). It can be seen that the appearance
of the spectrograms is substantially changed, espe-
cially away from the head of the bowshock, where
the parallel postshock velocity is large and the tur-
bulent broadening causes the red and blue branches
of the line profile to merge into a single broad com-
ponent. The pattern of the line ratios, however, re-
mains essentially unchanged and the comments made
in the previous paragraph regarding the distinction
between an inclined jet axis and an inclined density
gradient still hold.

Figures 15 and 16 show aperture B spectra for
the same models as the previous figures, respectively
without and with the inclusion of turbulent broad-
ening. For o = 0 (top panels), the spectrograph
slit cuts the bowshock pérpendicular to its axis and
hence the emission lines form closed loops in the vy’-
plane. With this aperture, the effects of the ambient
density gradient can be seen directly, even when it
is in the plane of the sky (8 = 0). The denser side
(y' > 0) is brighter in Her, with a smaller velocity dif-
ference between the red and blue components and a
smaller [O III}/Hea ratio. Tilting the density gradient
(top right panels) rotates all these effects around the
loop of the line. Tipping the bowshock axis (lower
panels) only slightly modifies the line shapes. More
noticeable is the fact that the loops are incomplete,
caused by the slit missing the back side of the bow-
shock because emission is only calculated up to a
fixed cylindrical radius. When turbulent broadening
is included, the loop is smeared into a line, giving
a single broad velocity component at each position.
However, where the two original components arose
from regions of different excitation, this is still ap-
parent in the line ratios of the broadened spectra
(top right panels). .

Figure 17 shows aperture A spectra for models
with different values of €, with no turbulent broad-
ening, while Figure 18 shows the same models with
turbulent broadening. It can be seen that the bow-
shock shape quite strongly affects the spectra, espe-
cially near the head. With the pointier bowshock
moving in the plane of the sky (top left), the line
splits into two components immediately and there is
a minimum at zero Doppler shift, even at 2’ = 0. The
blunter bowshock (bottom left), on the other hand,
has the emission at the head concentrated at zero
Doppler shift. When the bowshock axis is tipped,
however (right hand panels), the maximum intensity
in the pointed model comes from the back side of the
bow, close to zero velocity, whereas the maximum in-
tensity in the blunt model comes from the near side
of the bow, in the blue-shifted part of the profile.
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Fig. 13. Example spectrograms from aperture A, with no turbulent broadening. All are for models with é = 1, D = 0.3,
ug = 150 km s~ 1. Three position-velocity diagrams are shown for each orientation: intensity of Ha; ratio of [S II] to
Ho, and ratio of [O IIT] to Ha. The scale is linear in each case and for the line ratios is indicated to the right of the

figure. The Doppler shift scale is in units of the bowshock speed ug. A seeing width of 0.1 and a velocity resolution of
0.05 (7 km s™1) are assumed.
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Fig. _]11. Exan}ple spectrograms from aperture A, with turbulent broadening n = 0.3. A seeing width of 0.25 and
velocity resolution of 0.1 (15 km s™!) are assumed. Otherwise, the same as Figure 13.
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Fig. 15. Example spectrograms from aperture B, without turbulent broadening. Otherwise, the same as Figure 13.
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Fig. 16. Example spectrograms from aperture B, with turbulent broadening n = 0.3. Otherwise, the same as Figure 14.
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Fig. 17. Example spectra from aperture A for different shapes of bowshock, with no turbulent broadening. Otherwise,
the same as Figure 13.
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Fig. 18. Example spectra from aperture A for different shapes of bowshock, turbulent broadening n = 0.3. Otherwise,
the same as Figure 14.
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The effects on the two models of the turbulent
broadening (Fig. 18) are also quite different. Since,
in the pointed model, the parallel postshock veloc-
ity varies only slowly with position in the regions
that contribute most to the line profile, the smearing
due to the turbulent broadening is roughly constant
along the length of the slit. With the blunt model,
however, the intensity maximum at the head of the
shock is relatively unbroadened since the shock is
virtually perpendicular there. This results in a clear
separation in the spatially integrated line profile of a
narrow component from the head and a broad com-
ponent fom the wings.

6. DISCUSSION

In this section, we discuss the application of the
models presented in this paper to the interpretation
of Herbig-Haro bowshocks. The discussion is rather
qualitative since the models have not been tailored
to particular objects. A future paper will present
detailed quantitative comparisons between spectro-
scopic observations of HH 1 and specific models, in-
cluding the effects of emission line scattering by sur-
rounding dust (see Henney 1995 for preliminary re-
sults).

6.1. Possible Mechanisms for
Generating Asymmetric Bowshocks

All Herbig-Haro bowshocks that have been ob-
served in any detail show some evidence for depar-
tures from cylindrical symmetry. In some objects,
such as HH 111 (Reipurth et al. 1992), these asym-
metries are rather slight, while in others, such as
HH 1 (Solf et al. 1991; Eisloffel et al. 1994; Hes-
ter et al. 1995), HH 34 (Morse et al. 1992) and
HH 47 (Morse et al. 1994), they are more spectac-
ular. Various explanations for the asymmetries have
been proffered, which can be usefully divided into
three classes.

Firstly, there is the possibility that clumpiness in
the ambient gas or thermal instabilities in the post-
shock flow (Raga et al. 1988) lead to bright knots
of emission, with lifetimes of the order of the bow-
shock’s dynamic timescale. If these clumps are few
enough in number then, although the bowshock may
be symmetric in a time-averaged sense, at any par-
ticular time it will appear brighter on one side than
the other. For example, suppose that the bowshock
emission is dominated by that of the knots, that all
knots are of equal brightness and that the appearance
of each knot is uncorrelated with that of any other
knot. Further, suppose that at any one time there are
an average of N knots present and that the bowshock
is divided into two equal halves, such that there is
an average of N /2 knots present in each half. Then,
by summation over two independent Poisson distri-
butions of mean N/2, it is straightforward to show

that the mean ratio of the intensity of the dimmer
half to that of the brighter half will be less than 0.5 so
long as N lies between about 0.95 and 4.7. This esti-
mate, though admittedly crude, suggests that, given
their observed clumpiness, one would expect roughly
half of all bowshocks to show a brightness asymmetry
between their two sides of a factor of two or greater
owing to this mechanism alone.

Secondly, the shape of the bowshock could be af-
fected by periodic variations in the source of the driv-
ing jet. A “wiggling” or precessing jet (Raga & Biro
1993; Biro 1994) would produce a non-axisymmetric
bowshock at its head, which would vary in form in a
complicated time-dependent way. The models with
a skew jet pressure discussed in this paper (Case 2)
are an attempt to investigate within a steady-state
framework the possible consequences of such a time-
varying jet. In some objects, such as HH 46/47
(Reipurth & Heathcote 1991), the sinusoidal pattern
of the knots of the jet itself lend credibility to this
mechanism. In many other objects, however, angular
variations are either very small or absent.

Lastly, the explanation for asymmetry of the bow-
shock may lie in systematic asymmetries in the envi-
ronment into which the jet is propagating. The mod-
els in this paper with a transverse density gradient
(Case 1) illustrate an example of this class of expla-
nation. Of course, if the the density perturbation
is large enough in amplitude and in spatial extent,
then it will have serious consequences for the propa-
gation of the jet that is driving the bowshock, caus-
ing it to be deflected from its original path (Raga &
Canté 1995). However, the density contrast consid-
ered here, although producing marked effects in the
bowshock emission, is only ~ 3.5 and hence would
not measurably affect the jet.

It is probable that all three of these explanations
play some role in generating the observed asymme-
tries, with perhaps more than one mechanism acting
at the same time in some cases. We now turn to a
particular object, HH 1, and investigate in greater
detail the relevance of the above three mechanisms.

6.2. HH 1

Images of HH 1 taken through red continuum or
emission line filters between 1947 and the present
(Herbig 1951; Herbig & Jones 1981; Solf et al. 1991;
Eisloffel et al. 1994; Hester et al. 1995) without ex-
ception show the bowshock to be asymmetric in the
same sense. That is, although the brightness of indi-
vidual knots changes with time, the north-east wing
is consistently brighter than the south-west wing.
The angular size of HH 1 is ~ 10" and proper motion
measurements of the leading condensation (Herbig &
Jones 1981; Eisloffel et al. 1994) indicate that it has
travelled roughly this same distance in the almost 50
years of observations. However, a better estimate of
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the dynamical time is probably 100 years, since there
is increasing evidence that the preshock gas is itself
moving (Henney et al. 1994), possibly due to previ-
ous ejection events (Raga & Kofman 1992), and that
the true speed of the bowshock with respect to this
gas is 150-200 km s™!, rather than the 300-380 km
s lindicated by proper motion studies. Neverthe-
less, such constancy in the bowshock’s asymmetry
over even half of a dynamic timescale argues against
any explanation in terms of a random distribution of
knots. On the other hand, observations of the HH 1
jet (Mundt, Brugel & Buehrke 1987; Rodriguez et al.
1990) show no evidence that its direction has been
anything other than constant with time, ruling out
the second class of explanations of the previous sec-
tion.

The case for the third possibility, that of a den-
sity gradient in the preshock gas, is considerably
strengthened by by the fact that observations of the
bowshock in the light of [O III] emission do show
an asymmetry opposite in sense to that seen in the
low-excitation lines (Raga et al. 1988; Hester et al.
1996), just as predicted by the Case 1 models pre-
sented here (see § 4). Further evidence for a trans-
verse density gradient in the upstream gas is fur-
nished by the distribution of dust-scattered light up-
stream of the shock (Solf & Bohm 1991) and the fact
that molecular hydrogen emission is only seen in the
north-east wing (Noriega-Crespo & Garnavich 1994).

Turning now .to the line profiles, the longslit spec-
trograms of Solf et al. (1991) imply that the [S 1] /Ha
ratio is higher in the red wing of the line than in the
blue wing. If taken at face value, this would sug-
gest a negative value of §# (see § 5). That is, that
the upstream density gradient is inclined in such a
way that the density increases away from the ob-
server. This would be consistent with the fact (A.
Noriega-Crespo, priv. comm.) that there is no sig-
nificant spatial variation in the reddening across the
face of the bowshock, whereas one would expect such
a variation if § were positive or zero. However, it has
been suggested (Indebetouw & Noriega-Crespo 1995)
that such features in the position-velocity diagrams
may be artifacts caused by the misalignment of the
two spectra. There certainly seems to be a strong
case for this, especially with respect to the position-
velocity diagram of electron density formed from the
ratio of the two [S II] lines, so it is important not to
over-interpret the observations. Note that the Case 1
models presented here would predict that the elec-
tron density be equal in the red and blue portions of
the line profile for a bowshock moving in the plane
of the sky, whatever the amplitude or orientation of
the upstream density asymmetry. This is because the
postshock density following cooling is proportional to
the ram pressure perpendicular to the shock of the
preshock gas. Since this ram pressure is balanced
in our models against the cocoon pressure, which is

cylindrically symmetric (§ 2), it follows that the post-
shock density also has cylindrical symmetry.

In summary, the results presented in this paper
demonstrate that departures from cylindrical sym-
metry in radiative bowshocks can be investigated by
means of relatively simple, analytic models. These
models allow one to discriminate between different
symmetry-breaking mechanisms on the grounds of
their different predictions for the line ratios between
high and low excitation emission lines, resolved both
spatially and in velocity. In particular, models with
a transverse density gradient in the upstream gas al-
most always show a dichotomy between their mor-
phology in the light of high- and low-excitation emis-
sion lines. That is, the side that is brightest in [O III]
is not the side that is brightest in [S II] and Ha.
Hence, observation of such a dichotomy, as for in-
stance in Herbig-Haro 1, is prima facie evidence for
the existence of a density gradient in the upstream
gas. This basic result is found to be largely insensi-
tive to the form adopted for the pressure distribution
in the shocked jet gas. Also, although the images and
spectra presented here are for fully pre-ionized shock
models, qualitatively similar results obtain if equilib-
rium ionization of the pre-shock gas is assumed. An-
other object in which preshock density gradients may
be important is Cepheus A, where several asymmet-
ric bow shocks are observed (Hartigan et al. 1986).
The shock velocities in these objects, however, are
much higher than in the models considered in this

paper.
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APPENDIX

A. FORMALISM FOR CALCULATING THE
BOWSHOCK EMISSION BY A MONTE
CARLO TECHNIQUE

In order to minimize the variance (noise) of the
resulting images and spectra, it is desirable that the
probability distribution from which the photons are
chosen reflect as closely as possible the actual bright-
ness distribution of the bowshock. On the other
hand, for the problem to be tractable it is also nec-
essary that the distribution be separable with re-
spect to the two position coordinates. In practice,
these two requirements conflict and, since an excess
of noise can always be cured by using more CPU time
to generate more photons, the former condition is not
strictly adhered to in the approach that follows.


http://adsabs.harvard.edu/abs/1996RMxAA..32....3H

rTODBRNKAA . 320 1.0 3R

ASYMMETRIC BOWSHOCKS 25

One special case of a separable distribution, and
one which is particularly easy to deal with, is where
the probability distribution depends only on the
cylindrical radius ». A bowshock whose intensity
distribution actually followed this probability distri-
bution would then appear circularly symmetric when
seen from the front. In § A.1. it is shown how the co-
ordinates of the photon origin can be found, assum-
ing such a probability distribution, while in § A.2.
suitable distributions are calculated for the cases dis-
cussed in § 2.

A.1. Origin of the Photons

We assume that the bowshock extends to a finite
cylindrical radius ro and that we have a function
II(r), which describes the probability that a photon
emitted by the bowshock originates at a cylindrical

radius between 0 and r and which is normalized so.
that II(ro) = 1. Then, if we have a random number .

w; selected from a uniform distribution on the inter-
val [0,1] (uniform random deviate), we can take the
radius of origin of the photon to be r = II7}(w; ). Us-
ing a second deviate wy, we calculate the azimuthal
angle as § = 27wy, from which the Cartesian coor-
dinates of the photon origin follow as z = rcosﬂ
y=rsind and z = —g(z,y).

A.2. Calculation of the Probability Distribution

First, we assume that the intensity of a particular
emission line from the postshock gas in the bowshock
can be approximated by a form

I=Cpuf (30)
where p is the upstream gas density, un = —u.f is
the component of the upstream gas velocity normal
to the shock and the parameters C and « are to be

found. Using the results of the previous sections, we
find that

I:CPa/Zp(Z—O()/Z , (31)
which is the surface brightness of the bowshock in a
particular line. More directly related to the proba-
bility distribution is the bowshock emission per unit
cross-sectional area (by which is meant area in the
zy-plane). This is given by

dE

— = By
dzdy = CuoPp

(32)

where f = (a—1)/2 and v = (3—a)/2. It can be seen
that, in order that d£/dzdy be a function of r alone,
we require that o = 3 for Case 1 (ambient density
gradient), or & = 1 for Case 2 (skew pressure). With
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these values of «, the probability distribution is then

given by
d:c dy /_/ dzdy

For Case 1, equation (33) is only integrable when ¢
is an integer or half-integer:

I(r) = (33)

£=05:
I(r) = By [r = In(1+47)]; Bo = ro — In(1 4 rp) ;
£=10: .
I(r) = By ' In(1+7r%); Bo = In(1+7r3) ; (34)
£=2.0:

I(r) = By 'tan™" (r?); Bo = tan™" (r3) .

For ¢ =1 or 2, this equation can be inverted to give
an explicit expression for the radius in terms of a
uniform random deviate,

_ v

§=10: r=[exp(Bow)

(35)

£€=20: r=[tan(Bow)]"/? ,

whereas for ¢ = 0.5,.r must be found by Newton-
Raphson iteration. For Case 2, the expression for
II(r) is much simpler and is independent of ¢. It
may always be inverted to give

r = ro(w)/? (36)

The velocity dependence of the post-shock line
emission will in general not be a power law with the
a dictated by the above considerations. As a result,
each photon must be weighted by a factor equal to
the ratio between the true velocity dependence (as
determined from the shock models of (Hartigan et al.
1987) and that given by equation (30) with o = 3
or 1, as appropriate. This weighting procedure in-
creases the variance or “noisiness” of the results, as
discussed above.

Note that, from equation (32), it is evident that,
if ug varies with position, then there is no value of
a that can ensure that d£/dzdy is a function of r
only.
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